Abstract-This paper presents a mathematical formulation for the optimal voltage/reactive power control problem taking into account linguistic declaration of system load values. The fuzzy set theory which is based on the feasibility rather than the frequency of occurrence of an outcome is considered, and possibility distributions are assigned to load values and bus voltages. The objective is to minimize power losses considering various load conditions. The problem is decomposed into four subproblems via the Dantzig-Wolfe decomposition for reducing the dimensions of the problem. A second Dantzig-Wolfe decomposition divides each subproblem into several areas leading to a considerable reduction in the dimensions of subproblems. An illustrative example demonstrates the applicability of the approach. The fuzzy approach provides a global solution for the system behavior under various load conditions.
INTRODUCTION
Due to limited transmission capabilities for accommodating additional loads, reactive power allocation has received an ever increasing attention from the electric utility industry in recent years. Any changes in the system configuration or system demand may result in higher or lower voltage profiles. In order to maintain desired levels of voltage and reactive flow under' various operating conditions and system configurations, power system operators may utilize a number of control tools such as switching var sources, changing generator voltages, and/or adjusting transformer tap settings. By an optimal adjustment of these controls, the redistribution of the reactive power would minimize transmission losses. Several methods had emerged in the literature for finding the optimal settings of control variables that will eliminate voltage violations and minimize real power losses in a power system. In the past, several approaches proposed the non-linear formulation as a solution to this problem. Others suggested the possibility of linearizing the constraints while maintaining a non-linear objective function (minimize real power losses). Recently, the Linear Programming (LP) approach has become dominant in the field for problems with separable and non-separable objective functions, with satisfactory solutions within a reasonable computation time [2-81. The LP formulation is found to be much more reliable with a faster rate of convergence than any alternative approaches. Reference [l] discusses the advantages and the drawbacks of most of the existing techniques to the reactive power optimization for the operation and planning of power systems.
A common drawback in previous approaches was based on the assumption of fixed load values in the LP formulation. Unfortunately, this is not the case in real-life situations where uncertainty in data are often encountered. If, for the data under consideration, some values are known to occur more often than others, then the nature of this uncertainty is obviously probabilistic. Thus, a random variable can be assigned to each datum and a probabilistic model would be used [9,10]. However, such a knowledge is not always available, and the pertinent information may be limited to some linguistic declarations about the data (e.g., load at bus i is approximately 15 Mvar, load at bus j is mainly an industrial type). This type of data is clearly neither deterministic nor probabilistic. The situation is encountered most often in forecasting problems where the reflection of data into the future is not a stationary phenomenon, and human decisions are involved in an environment that is always fluctuating. This type of data is said to be fuzzy and the nature of the uncertainty is described as possibilistic.
The possibility theory that is based on fuzzy sets was first introduced in [ll] , where the feasibility rather than the frequency of assessment of a given datum was considered. The first attempt to apply fuzzy concepts to power systems decision analysis was in [12] . Since that time, fuzzy sets have been applied to different fields of power systems [22] . Recently, fuzzy sets were used to model the soft voltage constraints and the multiple objective functions of the voltage/reactive control problem, and a standard LP was used to solve the new fuzzy based formulation [13]. An expert system approach was proposed in [14] where the approximate reasoning of voltage/reactive power control based on fuzzy sets was introduced. The heuristic controls were introduced by a set of rules, and the adaptability of rules was measured by membership functions. Reference [15] used fuzzy sets as a tool to control reactive power flow via a heuristic membership function for bus voltages. The objective was to minimize real power losses, and the problem was modified into a max-min format.
Although the above formulations used fuzzy sets to reflect more realistic circumstances, they did not treat the load uncertainty and assumed fixed values for loads. Fuzzy load flow analysis incorporating load uncertainties was introduced in [16] . The outcome of the fuzzy load flow was a set of fuzzy voltages, angles, active and reactive flows and losses as well as active and reactive power generations. Reference [17] managed to use the fuzzy DC load flow model, that was developed in [16] , to model real power demand uncertainties in optimizing the cost of real power generation subject to generation and line flow limits. A new approach for solving the ower flow problem with uncertain load values was described in 181. The method was based on interval arithmetic which was viewed as a special case of fuzzy sets. The values inside the interval were assigned a membership equal to 1, and zero membership was considered for values outside the interval. This paper presents a rigorous solution to the optimal voltage/reactive power control problem taking into account the uncertainty associated with the reactive power demand. The objective is to minimize real power losses under various loading conditions. There are two ways of solving this problem. The first one would be to try several load values within a specific range, optimize each case and prepare a set of guidelines for the optimal control. This option would be expensive and time consuming in which some essential features of the data would not be taken into consideration. A more reasonable method of analysis, which is considered in this paper, is the one that depends on fuzzy set theory for analyzing different load scenarios. It is concluded that the arbitrary reduction of fuzzy values to ordinary closed intervals may result in misleading forecasts or unclear risky decisions.
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The purpose of the optimal reactive power control is to improve the voltage profile and minimize system losses. This goal is achieved by proper adjustments of reactive power variables in a large power network. In the past, non-linear programming approaches were proposed, which encountered the convergence problem in evaluating system losses. In this paper, the hypersurface of the non-linear power loss function is approximated by its tangent hyper-plane at the current operating point and the LP approach to the reactive power control problem is adopted. This linear approximation is found to be valid over a small defined region which is formulated by imposing limits on the deviations of the control variables from their current values. Most of the proposed L P approaches formulated the problem by a sensitivity matrix resulting from the inversion of the Jacobian matrix, which is essentially a time consuming process and requires a large memory space. The approach implemented in this study for the fuzzy set application is based on [6] which incorporates all the variables in formulating a Jacobian matrix, and hence does not require any matrix inv&ions.
The objective function in this case is represented by,
Thus, the linearized objective function will be,
The minimization problem is subjected to operating con-899 straints which are the inequality constraints (i.e., limits on the variables), and the equality constraints (i.e., reactive power demands). These constraints are written as,
There are rn + n + 1 constraints. The first m constraints are for reactive power sources and tap changing transformer terminals. We will refer to the matrix of reactive power injections at these buses as Q1. The next n constraints are the bus voltage constraints. The last 1 equality constraints are for loads and junction buses that are not connected to transformer terminals. We will refer to the matrix of reactive power injections at these buses as Q2. So, the linearized form of the constraints is found to be, The following section will discuss the formulation of the reactive power optimization problem under uncertain load conditions described by fuzzy sets.
REACTIVE POWER OPTIMIZATION WITH UNCERTAIN LOAD CONDITIONS
The fuzzy set theory was introduced to various system engineering problems in which uncertainties were represented as intrinsic ambiguities. In Appendix B, some basic definitions of fuzzy sets, which are of direct relevance to the paper, are reviewed.
Fuzzy Load Representation
In this study, linguistic declarations of variables are translated into possibility distributions by assigning a degree of membership to each possible value of the variable. Possibility distribution refers to the mapping of a fuzzy variable on the [0,1] interval. In the power system analysis, some loads and generations are determined precisely and others are described in terms of "more or less" expressions. To model such fuzzy quantities, we use trapezoidal or triangular possibility distribution where the latter is a special case of the former. So, the fuzzy reactive load at a certain bus that would never exceed QP, is always higher than Q i ) .and typically falls between Q!) and QE), is represented by Fig. 1 . The possibility distribution will have a value of 1 for the load values that are highly possible, and will drop as possibility diminishes. A zero possibility is assigned to the values that are rather impossible to occur, which are located beyond the two extremes. 
Operating constraints
Based on the discussion in Appendix C concerning the relation between incremental changes in loads and bus voltages, the uncertainty in system voltages is depicted in Fig. 2 corresponding to reactive loads in Fig 1. The voltage possibility distribution signifies four break-points, i.e., V(l), V(') , V(3), V(4) and their possibilities. This representation of voltages concurs with our experience in power systems indicating that as the system demand decreases, the load bus voltages will increase and smaller voltages would be required at generators to maintain specific load voltages. However, if the system demand increases, the load bus voltages will decrease and higher generator voltages will be needed to raise load bus voltages to the specified values. The above discussion can be verified by a fuzzy load flow [16]. The fuzzy load flow is an alternative to our previous argument regarding the correlation between bus voltages and reactive load increments.
The relations between voltage magnitudes at four break points in Fig. 2 are subjected to their minimum and maximum limits. Therefore, voltage constraints are, In addition, the minimization problem is subjected to the operating conditions given by (5-6) for each break-point. In this capacity, the Jacobian matrix will be evaluated for each break point.
Fig. 2 Possibility distribution of voltage

Objective function
The objective function for the deterministic case was given in (3), where AV was a crisp variable. In the fuzzy case, APL is a function of fuzzy voltages and is given as,
The minimization of A ? L is imposed by taking the the removal of the fuzzy objective function as discussed in Appendix B.
Therefore, the objective function is, which can be written as,
P r o b l e m formulation
tion is given as follows,
In this study, the overall formulation of the loss minimizawhere v(k) is the vector of bus voltages for break-point IC at the current operating state. The successive solution to this problem will determine break-points of the voltage possibility distribution. A follow up power flow will determine the break-points for the possibility distribution of transmission losses, which corresponds to the possibility distribution of loads. It is conceivable that the number of the problem variables increase due to the fuzzy modeling. However, our specific problem formulation utilizes the Dantzig-Wolfe decomposition as a mathematical tool to overcome this dimensionality problem.
DANTZIG-WOLFE DECOMPOSITION
Decomposition of t h e Original Problem
It is seen in (13)-(15) that there are four different sets of variables, each describing one of the break-points. Thus, we decompose the equations into 4 subproblems which are linked together through the linking constraints (13). After adding the necessary slack variables, the fuzzy optimization problem is formulated as,
This angular structure of four diagonal blocks is solved by the Dantzig-Wolfe (DW) decomposition [21 , which is a powerful DW decomposition coordinates the alternate solutions of subproblems via a master problem that is obtained by a linear transformation. The dimension of the master problem is equal to the number of linking constraints plus the number of subproblems, while each subproblem has a dimension equal to the number of constraints in the corresponding block. The solution of the master problem generates new simplex multipliers (dual solutions) that will adjust the cost function of the subproblems. The solution of the subproblems with the adjusted objective function will provide the master problem with new columns primal solutions is used to solve the master problem and either the simplex or the revised simplex methods is used to solve the subproblems. The interaction between the subproblems and the master problem is shown in Fig. 3 . Each subproblem will have its objective function and the respective constraints. For instance, the for- To minimize the total number of iterations for the final solution, more than one candidate columns are introduced into the basis of the master problem in each iteration. This technique is referred to as the multiple column strategy.
Decomposition of Subproblems
The objective of each subproblem is to minimize the corresponding power losses. The problem formulation of the kth subproblem was described in (17). However, each subproblem in our analysis may consist of multi areas that are linked together through transmission lines. In this situation, the reactive power control devices may be located locally as each area tries its own localized control.
We can decompose multi-area systems in each subproblem by applying a second order DW decomposition. The model consists of a master problem for linking constraints associated with buses that link these areas, and N A independent blocks representing areas. The objective function for each area is to minimize area power losses. This decomposition of a large problem into subproblems, and the further decomposition of these subproblem into several small areas reduces the dimension of the problem to the level where personal computers can be used. Fig.  4 shows the first and second order decompositions, and the overall structure of the problem.
Enhancing the system security
The basic function of an electric power system is to provide an adequate supply of electrical energy to all its customers as economically as possible with a reasonable level of quality and continuity. In our study, we have added another feature as the final solution of bus voltages are to be within security limits. Let us assume that a certain operating state of a power system is found to be most secured according to the worst case scenario analysis, and denote the voltage at bus i corresponding to this secured operating state as vi.. In order to direct the voltage profile, we specify the degree of satisfaction with different variables for being closer to the secured operating point Fig. 4 Overall structure of the problem region is the one defined by the intersection of the constraints and the objectives. This intersection is simulated as the minimum membership for the constraints and the objectives. The problem is solved by the standard LP to maximize the intersection, which will direct the final solution towards the values of variables with higher memberships. In this study, the proposed method is used to enhance the security of the system by offering a tighter control on variables within their operating ranges.
ILLUSTRATIVE EXAMPLE
In this section, the application of the proposed approach to a 30-bus system is presented. The system is shown in Fig.  5 , and line and bus data are given in [6, 15] . The permissible voltage range is 0.9 to 1.1 pu. The possibility distributions of the reactive loads are given in Table 1 which are used to find the possibility distributions of bus voltages and system losses.
The solution starts by computing the elements of J" and identifying the 30-bus voltage constraints which represent the linking constraints of the subproblems. Each bus voltage is represented by inequality constraints (13). For this example, we have 20 inequalities representing (14) and 10 equalities for (15) at each value of k . The DW decomposition is applied, and the problem is decomposed into 4 subproblems and one master problem. The master problem provides the subproblems with the dual solutions, and the subproblems will feed the primal solutions to the master problem. The second DW decomposition is applied and each subproblem is divided into 3 areas. Area 1 contains buses 1 to 10, area 2 contains buses 11 to 20 and area 3 contains buses 21 to 30. Buses 4,6,8,9 and 10 link area 1 to other areas, buses 11,12,15,17 and 20 link area 2 to other areas and buses 21,22,23 and 28 link area 3 to other areas. So, each subproblem will consist of linking constraints corresponding to loads (pu) corresponding to Fig. 1 the reactive power constraints for linking buses, and three sets of independent equations for areas 1,2 and 3. The first set con-. tains the reactive power constraints for buses 1,2,3,5 and 7, the second set of constraints represents buses 13,14,16,18 and 19, and the third set contains constraints for buses 24,25,26,27,29 and 30 . In this example, we use the restricted step sizes as AVatep = .02pu , ATstep = .05pu , AQc = .05pu. After each iteration of the first DW decomposition, new settings for the control variables are computed. To account for the non-linearity of the loss equation, a new operating point is computed based on the updated variables. The final solution is reached after 11 iterations, and the final possibility distributions for bus voltages and reactive power generation are given in Tables 2 and 3, respectively.
For the sake of comparison, we have also included the optimized values, using the conventional methods, for minimum and maximum loads (i.e., &(I) and Qf' in Table 1 ). It is seen in Tables 2 and 3 that the fuzzy solution provides a smaller range of voltages and generations than that of the fixed interval corresponding to the two-extreme values, indicating that the fixed load interval leads to an overestimate of the system behavior in an uncertain environment. Table 3 Final possibility distributions of reactive power generation for the 30 bus-wstem The fuzzy real power loss, which corresponds to fuzzy loads, and voltages obtained in (12)- (15), has a possibility distribution a s shown in Fig. 6 . The optimal values obtained from the minima and maxima of the load values are included in Fig. 6 to provide a comparison between the results. In this case the fived load interval provides a wider range of system losses than that of the fuzzy model, indicating that fixed load intervals result in overestimated forecasts and may lead to a higher system operation cost. Uncertainty in data is often encountered as we deal with real-life situations. In majority of cases, as the available data are insufficient for the solution of the problem, the linguistic declaration may be used to describe the validity of the data. The uncertainty in this kind of modeling is based on intrinsic ambiguity rather than the frequency of assessment of the data under consideration. Such uncertainty is suitably modelled via fuzzy sets. Forecasting future demands is one area where this kind of uncertainty can be encountered. The proposed formulation of the optimal voltage/reactive power control problem indicated that the fuzzy modeling of loads would enable power system operators to operate the system more economically in an uncertain environment.
TPP,
It should be emphasized that the fuzzy set modeling is not a replacement for the probabilistic approach. Each model is used to describe a different type of uncertainty, and it may even be possible to incorporate both models in one approach.
The ability of fuzzy sets to discriminate between different values of variables inside a given range via the variable membership is an important feature of the proposed approach that cannot be obtained in the standard LP. This feature can be best utilized for controlling the behavior of power system variables in the optimization process. Initial steps towards this direction were reported in [13-151. Finally, fuzzy set theory has merits for incorporating heuristics and powerful numerical methods under one framework for large scale applications.
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APPENDIX B
The idea of fuzzifying a variable is to replace the concept that a variable has a precise value by the fuzzy concept indicating that a variable has a degree of membership assigned to each possible value of the variable. In this paper the term possibility distribution, [19] , refers to the mapping of a set X to [0, 1] .
We will represent the possibility distribution by its break-point values (i.e., Z~, Z~, Q . , Z~) , as shown in Fig. B1 .
The minimization of a fuzzy variable X , given in 2) is the same as (9) for the minimization of losses. It should be emphasized that no matter how many points we used to describe the possibility distribution in Fig. B1 , the distance from the pz axis will always be given as (B.2).
(B.2)
T p x The reactive power demands are, in general, voltage dependent. Thus, the reactive load at bus i is given as, where qi is 0 for constant power load, 1 for constant current load and 2 for constant impedance load. If the injected power at bus i is changed by AQ,, due to a capacitor switching or load changes, the corresponding load bus voltage increments will be found by linearizing (C.l) and (C.2) with respect to load voltages, as follows, 
av,
Thus, D has positive diagonal elements that are equal to the negative s u m of its off-diagonal elements. So, matrix D is a Mmatrix and by definition D-' is a non-negative matrix, which suggests that if the incremental reactive power injected into a load bus (AQ,,) is positive due to aload reduction, then voltages at load buses will increase and AVL will be positive. On the other hand, if the injected reactive power decreases due to a load increase, then the load bus voltages will decrease. For generator buses, we can easily verify that an increase in the injected power will cause the generator voltages to decrease and vice versa. 
